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Abstract. Physicists showed that the generating function of orbifold ellip- 
tic genera of symmetric orbifolds can be written as an infinite product. We 
show that there exists a geometric factorization on space level behind this in- 
finite product formula, and we do this in a much more general framework of 
orbifold mapping spaces, where factors in the infinite product correspond to 
finite connected coverings of domain spaces whose fundamental groups are not 
necessarily abelian. From this formula, a concept of geometric Hecke oper- 
ators for functors emerges. This is a non-abelian geometric generalization of 
usual Hecke operators. We show that these generalized Hecke operators indeed 
satisfy the identity of usual Hecke operators for the case of 2-dimensional tori. 
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1. Introduction and summary of results 

The elliptic genus of a Spin manifold M refers to the signature of LM [8], 
[14j . The elliptic genus of a complex manifold M refers to the S'^-equivariant 
Xy-characteristic of its free loop space LM = Map(S'^,M) [Bj. These are some of 
the versions of elliptic genera of M . Since LM is infinite dimensional, the above 
statements must be be interpreted using a localization formula 

Let G be a finite group. For a G-manifold M , we can consider an orbifold version 
of the elliptic genus. However, the free loop space L{M/G) on the orbit space is 
not well behaved. Following [7], we define the orbifold loop space LoTh{M / G) by 

(1.1) Lorb(M/G) (U LgM)/G = H [LgM/Coig)] , 

geG {g)eG, 

where G* is the set of conjugacy classes in G, Ccig) is the centralizer of g in G, 
and LgM is the space of g-twistcd loops in M given by 

(1.2) LgM = {7 : M ^ A/ I 7(i + 1) = 5"S(i) for all t e M}. 
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The centralizer C{g) acts on LgM . Also note that if the order of g is finite and is 
equal to s, then each twisted loop 7 in LgM is in fact a closed loop of length s. 
Thus, LgM also admits an action of a circle ~ M/sZ of length s. 

One could use more sophisticated languages on orbifolds (see for example, JTJ), 
but for our purpose, the above definition suffices. 

Now the orbifold elliptic genus of (Af, G), denoted by ellorb(^^/G), is defined as 
the S'^-equivariant x^-characteristic of Lori,{M/G): 

(1.3) ellorb(M/G) = xf (£orb(M/G)) - Xy{LgMf^a\ 

(3)eG. 

where Xy{LgM) is thought of as i?(G(5))-valued 5 ^-equi variant Xj,-characteristic 
computed and made sense through a use of localization formulae. Counting the 
dimension of coefficient vector spaces, we have 

(1.4) elUb(M/G) eZ[y,y-i][[g]], 

where the powers of q are characters of S^. 

Dijkgraaf, Moore, Verlinde and Verlinde [3] essentially proved a remarkable for- 
mula for the generating function of orbifold elliptic genera of symmetric products. 
This was subsequently extended to symmetric orbifold case by Borisov-Libgober 
[1]. Here, for an integer n > 0, the n-th symmetric product of a space X is defined 
as SP"{X) — X"/6„, where the n-th symmetric group 6„ acts on by permut- 
ing n factors. The DMVV and BL formula for the generating function of orbifold 
elliptic genera of symmetric orbifolds is given by 

^p"elWb(5P"(Af/G)) = J|(l-p"g"/)-=('""''=), 

n>0 n>l 

m>0 

(1.5) fcez 

where elWb(M/G) = ^ c(m, fc)g™/ e Z[y,y-%q]]. 

m>0 

fcez 

The amazing thing about this formula is that the right hand side of (1.5) is a genus 
2 Siegel modular form, up to a simple multiplicative factor. The main motivation 
of this paper is to understand a geometric origin of this infinite product formula. 
In fact, we will prove such an infinite product formula on a geometric level, not 
merely on an algebraic level, as in (1.5). 

We can describe this geometric formula in a general context. Let (M, G) be as 
before, and let S be an arbitrary connected manifold with T — 7ri(E). Instead of 
a loop space, we consider a mapping space Map(I], M/G). As before, this space is 
not well behaved and the correct space to consider is the orbifold mapping space 
defined by 

(1.6) Map„b(E, M/G) (]J Map,(S, M)) / G - [] [Mape(S, M)/C{e)\ . 

6(eHom(r,G) (e)eHom(r, G)/G 

Here S is the universal cover of E, and Mapg(I],M) is the space of 6'-equivariant 
maps a : E — > A/ such that a{p ■ 7) = ^'(7)"^ • a(p) for all p e E and 7 e F. Note 
here that we regard the universal cover E as a F-principal bundle over E. 

For a variable t and a space X, let St{X) = ]Jfc>o t''SP''{X) be the total sym- 
metric product of X. For convenience, we often write this using the summation 
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symbol as St{X) — J2k>o^''^^''(-^)- paper, summation symbol applied to 

topological spaces means topological disjoint union. 

Theorem A (Infinite Product Decomposition of Orbifold Mapping Spaces of Sym- 
metric Products). Let M be a G-manifold and let T, be a connected manifold. Then, 

(1.7) P"^^Porb (S, 5P"(M/G)) - n^pi-'/.:i (Map„,b(S', M/G)/P(I]7E)) . 

n>0 [S'^S]conn. 

Here the infinite product is taken over all the isomorphism classes of finite sheeted 
connected covering spaces T,' ofT,, andT>{Yj' /Yi) is the group of all deck transforma- 
tions of the covering space S' ^ S {which is not necessarily Galois). The number 
of sheets of this covering is denoted by 

We will explain the details of the action of X»(S7S) on Ma.Y>orh{^' , M/G) in §2. 
When Yj = , the above formula reduces to 

(1.8) ^p"Xo,b(5P"(Af/G)) - n V(4;b(WG)/Z0, 

n>0 r>l 

where L^^XiM/G) is the space of orbifold loops of length r. This is the geometric 
version of the formula (1.5). This formula itself is relatively easy to prove. See |16) . 

The above formula (|1.8p for orbifold loop space is an " abelian" case since Tfi{S^) = 
Z. The formula in Theorem A is, in a sense, a non-abelian generalization of this 
orbifold loop space case. The most interesting case seems to be the one in which S 
is a 2-dimensional surface (regarding it as a world-sheet of a moving string). Here, 
the genus of the surface can be arbitrary. In physics literature, elliptic genus itself 
is computed as a path integral over mapping spaces from torus [3j. 

Restricting the global decomposition formula (|1.7p to the subspace of constant 
orbifold maps and considering their numerical invariants, we recover our previous 
results in [T^ [T3]. See section 3 for a description of these results. We remark 
that we can apply (generalized) homology and cohomology functors to (|1.7p to 
obtain infinite product decomposition formulas of these homology and cohomology 
theories. 

Another surprising formula discovered by physicists is its connection to Hecke 
operators. They showed that the right hand side of formula (jl.Sp can be written in 
terms of Hecke operators in a very nice way: 

(1.9) P"elUb(5P"(M/G)) = exp(^p'T(r) [elUb(M/G)] ) , 

n>0 r>l 

where T(r) is the r-th Hecke operator acting on weight Jacobi forms: 



(1.10) Tir)[Y c{m, k)q"^y^] = E J E ^("^^' 



m>0 ad—r m>0 

feez 



Is there a corresponding Hecke operator in our geometric context? Such a Hecke 
operator must assign a certain space to a given space. Our geometric decomposition 
formula (|1.7p suggests what geometric Hecke operators should be. For each positive 
integer r, we expect the r-th geometric Hecke operator T(r) would act on a space 
of the form Map ^^^{Y, M/G), and produces a space involving all the connected 
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r-sheeted covering spaces of E, as follows. 

(1.11) T(r)[Map„,,(S,M/G)] ''^i' ]J Map„,,(E', A//G)/P(E7I]). 

|S7S|=r 

The usual Hecke operators use covering spaces of the torus [9], and in [3], they 
explain the above result (jl.Op from this point of view. Our formula (|l.lip uses 
covering spaces of S whose fundamental group is not necessarily abelian. Thus, in 
a sense, our Hecke operator can be thought of as a non-abelian generalization of 
the usual Hecke operators. 

A general discussion of geometric Hecke operators in the framework of functors 
is more convenient and will be given in section 4. Let ^ be a functor from the 
category C of topological spaces and continuous maps to itself. For example, for 
a G-manifold M, let J^(m,g) be a conrtavariant functor from C to itself given by 
•^(Af,G)(S) = Mapo;.i,(I], M/G). Then, T{ti) acts on the functor !F by the following 
formula for a connected space S. 

(1.12) {T{n)T)i^) = Y[ T[Y.')/V{T.' /^), 

S7S|=n 

where disjoint union runs over all isomorphism classes of connected n-sheeted cov- 
ering space of S. When S is not connected, we apply the above construction for 
each connected component of E. In terms of geometric Hecke operators, formula 
(|1.7p can be simply rewritten as 



m) ^p"Map„,b(E, SP-{M/G)) - \{ S,. [{T{r)T(M,G)){^) ■ 

n>0 r>l 

It is very suggestive to compare this formula with p.9p . If we regard the n-th 
symmetric product SP^{X) as X^/nl, since 6„ has n\ elements, then we can 
regard Sp{X) as exp{pX). From this point of view, the analogy between (|1.9p and 
(1.7') is reasonably precise. However, see also a remark after (4.2). 

The name geometric Hecke operator seems appropriate since these operators do 
satisfy the usual identity when E is a genus 1 Riemann surface. 

Theorem B (Hecke Identity for Geometric Hecke Operators). Let T he a 2- 
dimensional torus. Let T he a functor from the category C of topological spaces 
to itself. Then the geometric Hecke operators f{n), n>l, satisfy 

(1.13) ((T(m) oT(n))^)(r) = ^ d - ((t(^) o M(d)).F) (T), 

d\ (m.n) 

where the operator R((i) on the functor T is given by 

(1.14) {R{d)T)(T) = T{R{d)T) /V{R{d)T/T), 

in which R{d)T — T / {d ■ L) ifT^ T/L for some lattice L C T = M^. 

Thus, R{d)T is a d^-sheeted covering space of T. The coefficient d in the right 
hand side of (jl.lSp means a disjoint topological union of d copies. 
Note that (|1.13p can be restated in a more familiar form as follows: 

T(m) o T(n) = limn), if (m, n) = 1, 

(CHS) 

^ ' T(p'')oT(p) =T(p''+i)+p-T(p^-i)oM(p), if p prime. 
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As is well known in the theory of modular forms, these identities are equivalent 
to an Euler product decomposition of the Dirichlet series with the above Hecke 
operator coefficients. See (|4.14[) . 

It would be of interest to investigate relations among T(n)s when S is a higher 
genus Riemann surfaces, or higher dimensional tori whose fundamental group is 
free abelian. 

For a generalization of orbifold elliptic genus to the setting of generalized coho- 
mology theory, see a paper by Ganter [4] . 

The organization of this paper is as follows. In section 2, we prove our main 
geometric decomposition formula in Theorem A. In section 3, we specialize our in- 
finite dimensional geometric formula to the finite dimensional subspace of constant 
orbifold maps, and we deduce various formulae of generating functions of orbifold 
invariants. In section 4, after discussing some generality of geometric Hecke opera- 
tors on functors, we prove the Hecke identity (|1.13p . 

The main result of this paper, Theorem A, was first announced at a workshop 
at Banff International Research Station in June 2003. 

2. Infinite product decomposition of orbifold mapping spaces 

First, we discuss some general facts of orbifold mapping spaces. For a homomor- 
phism 6 : r ~> G and a 0-equivariant map a : E ^ M, let a : E ^ M/G be the 
induced map on quotient spaces. Thus we have a canonical map Mapg(I], Af ) 
Map(E, M/G). Let Gg{0) be the centrahzer of the image of 9 in G. Note that 
inverse images of this map are Gg(^) spaces. The action of g £ G on A/ has the 
effect _ _ 

g- : Mape(E, A/) ^ Map^.^.^-i (E, AT), 

and for every a & Mapg(S, AT), we have a — in Map(E, M/G). Thus, we have 
a canonical map 

(2.1) Map,,b(E, M/G) ]\ Mape(E, Af )/Gg(0) Map(E, A//G). 

(e)eHom(r,G)/G 

This map is in general not surjective nor injective. 

We consider a necessary condition for a map / : E — > Af /G to have a lift to a 
0-equivariant map / : E ^ A/ for some 9. Let 77 be an arbitrary contractible loop 
in E. Since E ^ E is a covering, 77 always lifts to a contractible loop 77 in E, and 
hence fifj) is also contractible. Thus, for the existence of a lift / of a given map 
/, it is necessary that for every contractible loop ry in E, /(yy) C M/G hfts to a 
contractible loop in M . 

Next, we discuss a functorial property of orbifold mapping spaces. 

Proposition 2.1. (i) Let M be a G-manifold. Any map / : Ei — > E2 between 
connected manifolds induces a well-defined map 

(2.2) /* : Map„,b(S2, M/G) Map^.jEi, A//G). 

(ii) For two maps /i : Ei ^ E2 and /2 : E2 — > E3, we have (/2 o fi)* = /j* o . 

Proof. Let F^ be the group ^(Ei/Ei) of all deck transformations for the universal 
cover Ei —> E^ for i = 1,2. Since an isomorphism ^(Ei/Ei) = 7ri(Ei) depends 
on the choice of a base point in E^, it is better to regard F^ as the group of deck 
transformations rather than as the fundamental group of E^. We choose a lift 
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/ : Si — > S2 of /. Then / induces a homoniorphisni /, : Fi ^ r2 such that 
f{p • 71) — fip) • f*{li) for all p e Si and 71 G Fi. For a map a G M&]ig{Tj2, M) 
with 9 e Hom(F2,G), we have ao f £ Map^^y: (Si,Af). Hence the composition 
with / gives an induced map 

(2.3) r ■■ II Map,(E2, M) ^ U Mapp(Si, M). 
eeHom(r2,G) peHom(ri,G) 

Obviously, this map commutes with the G- action on M . Hence by quotienting by 
G, we have a map 

(2.4) r ■■ Map„,b (S2, M/G) ^ Map^.jEi, Af/G). 

We have to verify that this map is independent of the chosen lift /. Let /' : Ei — > E2 
be another lift of /. By examining the image of one point and using the uniqueness 
of lifts, we must have that /' = /•72, globally on Si, for some uniquely determined 
72 e F2. Then, (a o /')(pi) = a{f {pi) ■ 72) = 6'(72)"^ • (« o f)iPi) for all pi G Si. 
Note that 6'(72) G G. Thus for all possible choices of lifts /, the collection {a o /} is 
contained in a single G-orbit in UpGHom(ri g) MaPp(^ii -^)- Thus difference of /* 
and (/')* in (|2.3p disappear after dividing by G, and the map (|2.4[) is independent 
of the choice of lifts /. Hence we may simply call it /* as in (j2.2p . 

The proof of the formula for the induced map of a composition is routine. □ 

As an immediate consequence, we have 

Corollary 2.2. Let S' ^ S 6e a connected covering space. Then the group 
27(S'/S) of all deck transformations acts on Map^^^^{Yi' , M / G) . 

For later use, we give details of this action. As before, let I?(S/S) = F and 
S' = S/iJ for some iJ C F. Then 2?(S7S) ^ Nt{H)/H. For / e Mapp(S', A/), 
u G Nr{H), and g G G, the action of u,g on f is given by 

(2.5) iu-f){p)^f{pu), {g- f){p)=g- f{p). pes'. 

These actions commute, but they do not preserve p G Hom(i?, G). How p trans- 
forms under these actions can be easily computed and we have the following com- 
mutative diagram: 

Mapp(S',Af) ) Map^„-i(S',M) 

(2.6) 9- s 
Map,.,.,-,(S',A/) Map^.^„-i.^_,(S',Af), 

where {h) = p{u~^hu) for all h £ H. Since Cg{p) = Gg(/c" ), commutativity 
of this diagram also implies that for u G Nr{H), 

(2.7) u- : Mapp(S', M) ^ Map^„-i (S', Af ), Gg (p)-equivariant. 
A global statement is the following for u G Nr{H): 

(2.8) u- : II Mapp(S', M) ^ H Mapp(S', A/), G-equivariant. 

peHom(i/,G) peHom(ff,G) 
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In other words, the group Nr{H) x G acts on JJ^ Mapp(I]', M). Also note that the 

same group Nr{H) x G acts on the set Hom(iJ, G) by [{u, g) ■ p\{h) — g-p" (h) ■ 
for h ^ H. The effect of changing u e Nr{H) hy h e H can be computed as 

This shows that modification of u by elements in H has the same effect as the 
conjugation action by elements in G. Hence the map induced from (|2.8p on G- 
orbits is well defined for u £ Nr{H)/H, and we have 

(2.10) u- : Map„,b(S', M/G) ^ Map,,b(E', M/G). 

This is the action in Corollary 2.2. 

Since the action of 2?(E'/I]) commutes with the projection map tt : S' ^ S, the 
action of ^(E'/I]) on Map^^j, (E', Af/G) commutes with the induced map tt*. In 
particular, the image of tt* is in the X'(S]'/I])-fixed point subset: 

(2.11) Map,,jS, M/G) ^ Map„,b(S', Af/G)^(^'/s). 

We will need an identity on nested equivariant mapping spaces. Let P ^ Z 
be a left F-equivariant right G-principal bundle over a left F-space Z, where the 
left F-action and the right G-action on P commute. We simply call such a bundle 
F-G bundle |10j. We studies this concept in detail in section 3 of [13], where the 
classification theorem of such bundles is discussed. Note that MapQ(P, M) is a left 
F-space when P is a F-G bundle. 

Proposition 2.3. With notations as above, we have 

(2.12) Mapr(S, MapG(F, M)) = MapG(S x P, M). 

Proof. Without equivariance, this identity is obvious. So all we have to check is 
that the canonical correspondence preserves the correct equivariance property. 

Let / : E — > Mapg (P,M), and let u G S. The F-equivariance of / and G- 
equivariance of f(u) means /{wy) = j~^-f{u) — f{u)oj and f(u)(jpg) — g~^ f{u){p) 
for all 7 e F, g e G, p G P. Let the canonically corresponding map f : x P ^ M 
be defined by f{u,p) = f{u)(p). The F-equivariance of / implies that f(uj,p) = 
f{u, 7 -p) for all u, 7, p. Hence / factors through E Xr P whose elements we denote 
by [u,p]. Using G-equivariance of we have fi[u,p]g) = fi[u,pg]) = f{u){pg) = 
g~^ ■ f{u){p) — g^^ f{[u,p\). Thus, / is G-equi variant. 

The obvious inverse correspondence can be similarly checked to behave correctly 
with respect to equivariance. □ 



We examine the left hand side of the formula (II. 7p . For a positive integer n, let 
n = {1, 2, . . . , n}. Then the wreath product G„ = G I S„ is defined by 

(2.13) G„ = G;6„ = Map(n,G) X 6„. 

When Af is a G-manifold, the wreath product G„ naturally acts on the Cartesian 
product A4^", and its quotient space A4""/G„ = SP'^{M/G) is the n-the symmetric 
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orbifold of MjG. For detailed information on wreath product, see section 3 of [13] . 
To understand ()1.7|) . first we note that 

(2.14) Map„,b(S,^P"(Af/G)) - [J [Map,(S, M")/Cg„(^)] • 

(e)eHom(r, G„)/G„ 

Let n X G ^ n be the trivial G-principal bundle over an n-element set n. Since 
AutG(nxG) = G„ (see [13] Lemma 3-3), the space of G-equivariant maps MapQ(nx 
G, M) has the structure of left G„ space and we have a G„-equivariant homeomor- 
phism 

(2.15) M" MapG(n X G, M). 

For a given homomorphism B -.Y ^ G„, both of the above spaces can be thought 
of as F-spaces. Especially, the trivial G-bundle n x G ^ n acquires the structure 
of a F-equivariant G-principal bundle, or simply a F-G bundle, via Q. We denote 
this by (n X G)6(. Now (|2.15p and Proposition 2.3 imply that 
(2-16) 

Mape(I],M") Mapr(S, MapG((n x G)e,M)) = MapG(S xr (n x G)e, Af). 

A F-G bundle P Z is called irreducible if Z is a transitive F-set. In this case, 
F x G acts transitively on P . In section 3 of [13], we classified all the isomorphism 
classes of irreducible F-G bundles. We showed that any irreducible F-G bundle 
must be of the form Pa.p = FXpG F/iJfor some subgroup H C T and a 
homomorphism p : H ^ G. We also showed that two irreducible F-G bundles 
corresponding to {Hi, pi) and (i?2, P2) are isomorphic as F-G bundles if and only if 
(i) the subgroups Hi and H2 are conjugate in F, and (ii) when Hi = H2 = H , we 
must have [pi] = [ps] e Hom(i7, G)/{Nr{H) x G) ([13 , Theorem E), where Nr{H) 
and G act on IIom(i7, G) by conjugating H and G, respectively. 

From now on, an element in llom{H , G) / {Nr (H) x G) is denoted with a square 
bracket as in [p], and an element in IIom(i?, G)/G is denoted by a round bracket 
as in (p), to distinguish these two kinds of conjugacy classes. 

Let rg{H,p) be the number of irreducible F-G bundles isomorphic to Ph,p — > 
r/H in the irreducible decomposition of (n x G)e n. Thus, 

reiH,p) 

(2.17) [{nxG)e^n]^Y[Y[l[[PH.p^r/H]. 

[H] [p] 

Here [H] runs over all the conjugacy classes of finite index subgroups of F, and 
for each H, [p] runs over the set IIom(i7, G)/(A^r(^^) x G). By examining the 
decomposition of the base space n into transitive F-sets, we have 

(2.18) re{H,p)\T/H\=n. 

[h]Ap] 

Let Fh,p = S Xr Ph,p and S// = S Xr (F/iJ) = S/iJ. Then Fh,p is a G-bundle 
over a covering space E/f of S. Note that in P^.p E, for each point in S, 

fibres of these bundles give Pn.p T/H. The above decomposition now implies 

re(H,p) 

(2.19) S xp [(nx G)e ^n] 

m [p] 
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This isomorphism ahows us to rewrite (2-16) as 

re{H.,p) rg{H,p) 

(2.20) Map,(S,M") = [][][] MapG(PH,p,Af )=[][][] Map^(SH,M). 

[H] [p] [H] [p] 

The last isomorphism is because P_ff,p = ^pG. This gives multiplicative decom- 
position of each disjoint summand of the right hand side of (|2.14p . Next, we need to 
understand the ccntralizer Cg„ (0) of the image of the homomorphism : F — > G„ 
in G„. One of the main results of [13] is the description of the structure of the 
centralizcr Cg„(6'). It says that 

(2.21) CGM=llll[^^iT-GiPH,p)}&MH,p)], 

[H] [p] 

where Autr-G(^ff,p) is the group of F-equivariant G-principal bundle automor- 
phisms of Ph,p ^ T/H. In terms of the G-bundle ^h,p '^h over a covering 
space, Autr-G{PH,p) is isomorphic to the group AutG(]P_f/,p)s„/s of G-bundle iso- 
morphisms of Ph.p whose induced map on T,h is a deck transformation of T^h £ 
([13i, Proposition 7-3). 

Next we describe the structure of Autr-G(-Pff,p)- We recall that the group 
NriH) X G acts on the set Hom(ff, G) hy {u,g)- p = g- p""' • g^^ for u G NriH), 
g € G and p E Hom(7?, G). Let Tp be the isotropy subgroup of this action at p: 

(2.22) Tp = {{u,g) e NriH) x G \ g ■ p'''\h) ■ g^'^ = p{h) for aU h G H}. 

This group Tp contains a subgroup Hp = {{h,p{h)) e Tp \ h e H} = H. Then 
Theorem 4-4 in shows that Hp is a normal subgroup of Tp and we have the 
following exact sequence: 

(2.23) l^Hp^Tp^ Antr.aiPH.p) ^ l- 
Now we are ready to prove Theorem A. 

Proof of Theorem A. Using (l2T4l) . ([218]) . ([2:201) . (ES]), we can rewrite the left 
hand side of (II. 8|) as 

5]p"Map,,b (S,5P"(M/G)) 

n>0 

'•e(-H',p) 

= E E n IIp"^''"""^'" [{U^^Ppi^H,M))/{Antr.G{PH,p) I &r.,H..p)) 
n>0 [B] [H] [p] 
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Here Autr-G{PH,p) = AutG(PH.p)s«/E acts on Mapp{^H,M) MapG(P//,p, M) 
by the obvious action. 

= E E n n P''' ^"'"^^^^"^ SP^^ (^•'•) (Map^ (S^ , M)/ Autr.G (Ph^p)) 

n>0 [9] [H] [p] 

= n n [£p''^^^"^SP^{Map^{f:H, M)/Antr.G{PH,p) 

[H] [p] r>0 

= nil'^pi^/'^i (Mapp(EH, A/)/Autr-G(/'H.p)) 

[H] [p] 

= Y[Spir/Hi []jMap^(Sff,M)/Autr-G(^'ff,p) • 

[^^1 [p] 

Here in the above formulae, [p] G }iom{H,G)/{Nr{H) x G). On the other hand, 
since ©(E^/S) = Nr{H)/H, we have 

Map,,b(S^,Af/G)/P(SH/S) = [(]jMap^(Sff , Af ))/G] /(iVr(i?)/i?) 

peHom(H,G) 

= ([]Map^(EH,Af))/(iVr(i/) x G). 

peHom(ff,G) 

Here we recall that the action of G and Nr(H) commutes, and the action of H C 
Nr{H) can be absorbed into the action of G. See (1^ . ([^ and for 

details on this. In particular, the action of (u,g) € Nr{H) x G is such that 

{u,g) : Map^(EH,Af) ^ Map^^^-i^^i (S^^, Af). 

Since Tp in (|2.22p is exactly the subgroup which preserves p E Hom(iJ, G) under 
(iVr(-ff) X G)-action, in the above identity, we get 

Map„,b(Sij, A//G)/P(S^/S) = [](Map^(E^, A/) /Tp), 

[p] 

where [p] runs over the orbit set liom{H, G) / {Nr(H) x G). Next observe that the 
subgroup Hp of Tp acts trivially on Mapp{T,H, M). To see this, let {h,p{h)) G iJp 
for h G H, and / e Mapp(Ej:/, Af). Then, for any p G T,h, we have 

[{h, pih))f] (p) = pih) ■ {hf){p) = p{h)f{ph) = = f{p)- 

Thus, Hp acts trivially on Mapp(E/f , Af ). Hence quotienting by Tp in the above 
formula can be replaced by quotienting by Tp/Hp = Autr-G(-Ptr,p)- Thus, collecting 
all the above calculations, wc finally have 

^p"Map,,b(S, SP^{MIG)) = n ^pir/«i (Map„b(SH, Af/G)/2?(Eff/E)). 

n>0 [H] 

This completes the proof. □ 

When G = {!}, we have Maporb(S,Af) = Map(E, Af), and formula (1-8) be- 
comes 

(2.24) ^p"Map„,b(S,5P"(A/)) =[]5^,.vbi (Map(E', A//)/P(E7E)). 

n>0 [S'^E]conn. 
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3. Generating functions of finite orbifold invariants 

We specialize our main decomposition formula of infinite dimensional orbifold 
mapping spaces to the finite dimensional subspace of constant orbifold maps. Most 
of the results in [121 US] follow from this restricted formula, and we reproduce some 
of the main results in these papers as corollaries to Theorem A. 

Since Ma,pg{T,, -M^)const. = M^^\ where Af denotes the fixed point subset of 6*, 
we have 

(3.1) Map„,b(S, M/G)eo„st. - [] [Af <«VC(0)] Ct{M/G). 

(0)eHom(r, G)/G 

As an immediate consequence of Theorem A, we have the following decomposition 
formula for constant orbifold maps. 

Proposition 3.1. Let M be a G-space and let T be an arbitrary group. Then, 
^p"Cr(5P"(A//G)) =l[Sp^r/Hi{CH{M/G)/{Nr{H)/H)) 

(3 2) 

m [p] 

where [H] runs over all the conjugacy classes of finite index subgroups of T, and 
for each [H], [p] runs over the set llom{H,G)/(^Nr{H) x G). 

Note that in Theorem A, F is the fundamental group of the manifold S. But 
after eliminating S by considering constant orbifold maps, F can be an arbitrary 
(discrete) group in Proposition 3.1. 

Here we comment on the action of Nr{H)/H on Ch{M/G) = (U^ Af<''>)/G in 
p.2p . where p € Hom(i7, G). In view of (|2.5p . the action of Nr{H) commutes 
with the action of G, and for any u G Nr{H) and any x € M^p\ the action of 
It on a; is such that u ■ x — x, as can be easily verified by (12. 5|) . However, this 
does not mean that the action of Nr{H) on Ch{M/G) is trivial, in fact, it is not 

trivial in general. What happens is that the action of u sends Af^^^ to M^^ \ 
where G-conjugacy classes (p) and (p" ) can be distinct, although these two spaces 
are identical subspaces of Af, since (p) = (p" ^) as subgroups of G. For a given 
(p) G Hom(iJ, G)/G, let N{!.{H) be the isotropy subgroup of NriH) at {p). Recall 
that we have an exact sequence of groups [[13|, formula (4-6)]: 

1 Cg{p) Tp ^ NP{H) ^ I. 

Thus, M^P^ /Tp = {M'^P'^ /C{p))/N^{H). We examine the action of w e N^iH) on 
M^P^ /C{p). By definition, for any u G N^{H), p and p" are G-conjugate, and 
thus there exists g & G such that ^ {h) — g^^p{h)g for all h E H. This means 
that {u,g) e Tp. We have 

M^p'i/Gip) ^^^^ Af^P^^'Vclp""') = M^a-'pa)/c{g~^pg) ^ M^p'' /G^p), 

by (j2.6p . This means that when we apply u-, p moves within the same G-conjugacy 
class to p" . To bring it back to p, we then apply 5 £ G. Thus, for u G N^{H) 
and X £ M^P^ /G{p), the action of m on x is given hy u ■ x — g ■ x where g G G is an 
arbitrary element such that {u,g) G Tp. 
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Let be the topological Euler characteristic for a topological space X. In 

[13] , we introduced a notion of an orbifold Euler characteristic associated to a group 
r defined for a G-manifold M: 

(3.3) Xr{M;G) x{Cr{M /G)) = ^ x(mW/C(0)). 

(6()eHom(r, G)/G 

We observe that when F = Z, 

(3.4) Xz(M;G) = ^ x(M<^VC^(5)) = ^ E x(A/<^'''0 

(S)GG. ' ' gh=hg 

is the physicist's orbifold Euler characteristic eorh{M / G) |2]. Here in the last sum- 
mation, the pair (g, h) runs over the set of commuting pairs of elements. The second 
identity is due to Lefschetz Fixed Point Formula. Formula (|3.3p gives the correct 
generalization of ea^\^{M / G) since it comes from a very natural geometry of orbifold 
mapping spaces (I3.ip . 

In [13] , we introduced a notion of orbifold Euler characteristic of M / G associated 
to a F-set X, denoted by X[x\{M\G). When X is a transitive F-set of the form 
X = T/H, it is given by 

X[r/H]{M;G) = xiCH{M/G)/{Nr{H)/H)) 

where Ch{M /G) / {Nr{H) / H) = ]\^&'^ / kntr.G{PH,p) 

(3.5) [p\e'Rom(H,G)/{Nr(H)y.G) 

[P] 

The second identity above can be proved on topological space level by an argument 
similar to the last part of the proof of Theorem A. 

Now we compute the topological Euler characteristic of both sides of (|3.2p . We 
recall that x{Sp{X)) = (1 -p)-x(^). 

Corollary 3.2 ([T3] Theorem C). Let M he a G-set and let F be an arbitrary 
group. The the generating function of orbifold Euler characteristic associated to F 
of symmetric orbifolds is given by 

(3.6) ^p"xr(M";G„) = [](1 - pir/^l)-x[r/«,(M;G)^ 

n>0 [H] 

where [H] runs over all conjugacy classes of finite index subgroups ofT. 

We can rewrite (I3.6P in terms of Hecke operators as follows. For a G-manifold, 
let X(M;G) be an integer valued function on the set of discrete groups given by 

(3.7) X(M;G)(r) x(Gr(M/G)) - xr(M;G). 

For an integer n > 1, let a Hecke operator T(n) act on the function X(M;G) by 

(3.8) [Tr(n)x(M;G)](r) ''=^'5]x(Cff(M/G)/(iVr(i7)/i7)), 

[H] 
\r/H\=n 
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SO that T(n)x(Af;G) is another integral function on the set of discrete groups. Then 
as functions on the set of groups, (|3.6|) means 

(3.9) Y.p'^^iM-.G^) = n(i -p")-^^"^'^'"''^'- 

n>0 n>l 

Now we consider the case in which F is abelian. In this case, the action of 
Nt{H) = r on C r is trivial and so dividing by Nt{H)/H has no effect. Thus, 
we have Ch{M/G)/{Nt{H)/ H) = Ch{M/G) and consequently, 

Corollary 3.3. Let T be an arbitrary abelian group. For any G-space M , we have 

(3.10) 5]p"xr(M";G„) = - p\'^'"\)-^"'^''-'^\ 

n>0 H 

where the product is over all finite index subgroups HofT. 
In particular, when F = Z, the formula (j3.7p reduces to 

(3.11) 5]p"eorb(5i^"(M/G)) = Y[{l-p-)-^^'-^''/''\ 

n>0 r>l 

This is the formula proven in [7] when G is trivial, and for general G in [15j . 

Instead of Euler characteristic, we can consider other numerical invariants such 
as signature, spin index, Xycharacteristic, etc., in suitable categories of manifolds. 
The formula ()3.2|) will then provide us with infinite product formula of the corre- 
sponding generating functions of orbifold invariants of symmetric orbifolds. What 
is more interesting in this context is that, since we have a decomposition on the 
space level, we can apply various (generalized) homology and cohomology functors 
to obtain infinite product decomposition formulae. This will be discussed in future 
papers. 

4. Geometric Hecke operators for functors 

In this section, we prove the Hecke identity (|1.13p for 2-dimensional tori. Let 
C be the category of topological spaces and continuous maps. Let T : C C 
be a covariant (or contravariant) functor. Then it formally follows that whenever 
/ : X — > y is a homeomorphism, the corresponding map T{f) : J-{X) — > J-{Y) (or 
T{Y) — > 3-{X) in the contravariant case) is also a homeomorphism. In particular, 
this implies that when X is a G-space, it automatically follows that P{X) is also a 
G-space. 

The geometric Hecke operator T(n), n > 1, acts on a functor T as follows. For 
any connected space X e C, 

(4.1) (T(n).F)(X) "^'Y[^{X')/V{X'/X), 

\X' /X\=n 

where the disjoint union runs over the isomorphism classes of connected n-sheeted 
covering spaces X' of X, and V^X' /X) is the group of all deck transformations of 
X' ^ X. When X is not connected, we apply the above construction to each of 
the connected component. 

In general, we do not expect T{n)J- : C ^ C to be a functor. However, see 
Proposition 4.1 where such a situation does occur. 
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For the purpose of this paper, the main example of the functor J- is of course the 
orbifold mapping space functor. Namely, for any G-space M, and any connected 
space E, we let 

^(M;G)(S) =Map„,b(S, M/G). 

Proposition 2-1 shows that this is indeed a contravariant functor in E. In terms of 
this notation, Theorem A can be restated as a formal power series of functors as 

(4.2) P"^(^/";G„) = n V {nn)T^M,G))- 

n>0 n>l 

However, in some context, for example in the Grothendieck ring of varieties, it can 
make sense and can be justified to write S'p(X) = (1 — p)~'^ using powers whose 
exponents are spaces [5]. For the purpose of our present paper, we can regard 
Sp{X) as the definition of (1 — p)^^ . This is more appropriate for our purpose 
since, for example, for Euler characteristic, we have x{Sp{X{) = (1 -p)-xm for 
any space X. In this point of view. Theorem A has the following form: 

(4.3) 5]p"^(M";G„)(S) = J](l -p")-W")^(m;0))(^). 

n>0 n>l 

By Proposition 4.1 below, this formula can be regarded as a generating function of 
functors from the category C^^ to C, where C^^ is the category of topological spaces 
whose morphisms are restricted to those continuous maps inducing isomorphisms 
on fundamental groups. 

By considering constant orbifold maps, we have J^(jv/;G)(^)const. = (^^1(1;) (-^-^/G). 
Then, by taking topological Euler characteristic of (|4.3p restricted to constant orb- 
ifold maps, we recover the formula (|3.9p . Notice that factors (1 — p") in (13. 9p are 
already present in (|4.3p on space level. 

To define a composition of geometric Hecke operators, we need to have functo- 
riality of geometric Hecke operators in a certain special situation. 

Proposition 4.1. Let J- : C ^ C be a covariant functor. Let X and Y be con- 
nected spaces, and let f : X ^ Y be a map such that : t:i{X) T^iiY) is an 
isomorphism. Then for every positive integer n, f induces a map 

(4.4) /, : (T(n).F)(X) ^ (T(n).F)(y), 

such that for X ^ Y Z , we have {g ° f)* = g* ° /*■ 
A similar statement holds for contravariant functors. 

Proof. We fix a base point xq of AT. Let p : A' ^ A be a connected n-sheeted 
covering space. For each choice of a base point x'q of A' over xq, the subgroup 
H = (tti (A', Xg)) has index n in 7ri(A, a;o). Since : 7ri(A, xo) 7ri(y, j/q), 
where yo = /(^o), is an isomorphism by hypothesis, the subgroup f*{H) has index 
n in TTi (Y, yo). Let {Y' , j/q) be a connected n-sheeted covering space with base point 
corresponding to f<,{H). The choice of j/g is unique up to the action of the group 
Viy' /Y) of deck transformations. Note that since /* : 7ri(A, xq) 7ri(Y,?/o) 
is an isomorphism, f.^, induces an isomorphism between the corresponding deck 

transformations V{X' / X) ^ V{Y' /Y). By the Lifting Theorem m covering space 
theory, there exists a unique I)(A'/A)-equivariant map / : A' — > y' such that 
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fi^o) = y'a- By the functorial property, we see that J-{f) : T{X') ^(X') is 
'D{X' /X) = P(y /y)-equivariant. Hence it induces a map on the quotient: 



T{f) : T{X')/V{X'/X) ^ T{Y')/V{Y'/Y). 

Different choices of the hft / are related by the action of deck transformations. 
Hence the map J-{f) on the orbit space depends only on /. Repeating the above 
constructions for each isomorphism class of connected n-sheeted covering spaces of 
X , we obtain a map 

(4.5) /. ■.l[T{X')/V{X'/X) -^Y[T{Y')/V{Y'/Y). 

\X'/X\=n \Y'/Y\=n 



This is the map (14. 4p . The behavior under the composition of two maps can be 
easily verified. The argument for contravariant functors is similar. □ 

As a special case, let f : X ^ X he & homeomorphism. There is one point which 
we have to be careful about in the above construction of For a connected n- 
sheeted covering space p : {X', x'q) — * {X, xq), the based covering space (X", j/o) 
{X,f{xo)) corresponding to the subgroup f^(p^{TTi{X' ,Xq))) C tti (X, /(xq)) may 
not be isomorphic to X' X as a covering space over X, although X' and X" are 
homeomorphic via a lift f : X' ^ X" of /. Thus, in general, the induced map 

(4.6) /, ■.Y[T{X')/V{X'/X) ^1[t{X')/V{X'/X) 

\X'/X\=n \X'/X\=n 

shuffles connected components, and it is not easy to control this shuffling. This is an 
obstacle in studying compositions of Hecke operators given in (|4.7p below. However, 
when f : X ^ X is SL deck transformation of some covering X Xq , the situation 
can be completely clarified. In particular, when ni{Xo) is abelian, it turns out that 
the action of T>{X/Xo) on {T{n)!F){X) does preserve connected components, and 
there is a simple relation among various groups of deck transformations involved. 
Anyway, as a formal consequence of Proposition 4.1, we have 

Corollary 4.2. Let J- : C C be an arbitrary covariant or contravariant functor. 
If X is G-space, then for every positive integer n, the space {T{n)J-){X) is also a 
G-space. 

Next, we consider compositions of Hecke operators given as follows. 
((T(m) o T{n))T) {X) = T{m){T{n)T) {X) 

= Y[[{nn)T){X')]/V{X'/X) 

(4.7) [X'U 

= U [U HX")IV{X"IX')\/V{X'IX), 
[X'U [X"U 

where runs over the set of isomorphism classes of connected m-sheeted cover- 

ing spaces of X , and for a given X', [^'^"Jn runs over the set of isomorphism classes 
of connected n-sheeted covering spaces of X' . 

As remarked earlier concerning formula (|4.6p . the action of the group of deck 
transformations ViX' jX) on {T(n)T){X') permutes its connected components. 
We now clarify what happens. 
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Let X ^ X he the universal cover of X and let T — V{X/X) = tti{X) be its 
group of deck transformations. We regard X ^ X as the right F-principal bundle 
over X. Let K C H C T he subgroups such that \r/H\ = m and \H/K\ = n. 
We put Xk — X/K and Xh = X/H. Then Xh ^ X is a. connected m-sheeted 
covering of X with V{Xh / X) = Nr{H)/ H , and Xk Xh is a connected n- 
sheeted covering of Xh with V{Xk/Xh) = Nh{K)/K. Let g € NriH) C F. Then 
the right multiplication by g induces the following diagram of homeomorphisms 
and covering spaces: 



X 



(4.8) 



■g 



Xk 
■4" 



X 



Xg-^Kg 



Xh 
Xh 



X 



X. 



Since g £ Nr{H), the map -g : Xh — > Xh is a deck transformation of Xh over X. 
However, since g may not be in Nr{K), -g : Xk Xg-iKg is only an isomorphism 
of covering spaces over X. If 5 £ Ny{K), then Xg-iKg — Xk and -g induces a deck 
transformation of Xk over X. For the middle square, when g ^ H C Nr{H), -g 
induces an isomorphism of two coverings Xk and Xg-iKg over Xh- If, furthermore, 
we have g G Nh{K) C H, then -g induces a deck transformation of Xk over 
Xh. This clarifies the action of V{X'/X) on {T{n)T){X') where X' Xh and 
X" = X^. 

The above situation simplifies when the fundamental group of X is abelian. In 
this case, every element g £T induces a deck transformation -g : Xh Xh whose 
lift -g : Xk — > Xk preserves Xk- Also we have VIXk /Xh) = H/K for any two 
subgroups K C H C r. The formula (|4.7p now simplifies as follows. 

Proposition 4.3. Let X be a connected space whose fundamental group is abelian. 
Then, the composition of two geometric Hecke operators is given by 



(4.9) 



(T(m)(T(n).F))(X)= [] [ [] (.F(Xk)/P(X^/X)) 



_ffcr 

lr/ff|=r 



\H/K\-- 



Proof. By (|4.7[) . we have 



{T{m)(J{n)F)){X)) = [] [ Y[{HXk) IV{Xk I Xh))] / V{Xh / X) 



Her KCH 
\r/H\=m \H/K\=n 



Since F is abelian, 'D{Xh/X) preserves J-{Xk)/'D{Xk/Xh) for each K C H, 

= U ll[(.^(^/^)m^K/^//))/2?(^H/x) 

Her KCH 
\r/H\=m \H/K\=n 

since V{Xk/Xh) = H/K, V{Xh/X) = T/H, and V{Xk/X) = T/K, we have 

[] [ [](^(Xk)/p(XkA))\ 



H(ZT KCH 
\r/H\=m \H/K\=n 



This completes the proof. 



□ 
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We continue to assume that the fundamental group of X is abehan. For an 
integer d > 1, let R{d)X be the covering space of X corresponding to d ■ tti{X) C 
TTi{X). Let R{d) act on a functor T by 

(4.10) {Rid)T){X) '^^^ T{R{d)X)/V{{R{d)X)/X). 

As in Proposition 4.1, we can show that any map f : X ^ X inducing an isomor- 
phism on fundamental groups gives rise to a map 

(4.11) : (K(d).F)(X) ^ {Jl{d)T){X). 

In particular, if X is a G-space, then not only J-{X) is a G-space, but also 
{M.{d)T){X)) is a G-space for all d>l. 

The main result in this section is the following Hecke identity for geometric Hecke 
operators for 2-dimensional tori T . 

Theorem 4.4. Let J- : C ^ C he an arbitrary contravariant or covariant functor. 
Let T be a 2-dimensional torus. Then for every pair of positive integers m and n, 
the composition of two geometric Hecke operators satisfy 

(4.12) (T(m)(T(n)^))(T) =^d. (t(^) (M(d).F)) (T). 

In particular, T(m) and T{n) commute. 

In the right hand side of (|4.9p . the summation symbol means disjoint topological 
union, and the factor d means a disjoint union of d copies. 

For the proof, we first recall the ordinary Hecke identity for lattices. For details, 
see ([5], p. 16). Let A be the free abelian group generated by rank 2 lattices L of 
C. The the Hecke operator T{n) for n > 1 is a map T{n) : A ^ A defined by 

T{n){L) = Y,L' eA. 

[L:L']=n 

Let R{n) : ^ ^ ^ be defined by R{n)L — nL consisting of elements {n-£}e^L C L. 
Then Hecke identity says 

(4.13) Tim) o T(n)(L) ^ ^ d • R{d) o T ['^) (L), 

d\ {ni.n) 

for any lattice L. From this formula, it is clear that T{m) and T{n) commute. 
Also, it is easy to check that R{d) and T{n) commute. 
Now we are ready to prove Theorem 4.4. 

Proof of Theorem 4-4- Since F = 7ri(r) ^ is free abelian of rank 2, any subgroup 
of F of finite index is also free abelian of rank 2. Applying (14. 9p in our context, we 
obtain 

{T{m){T{n)T)){T) = ]J [ [] (.F(rK)/(F/i^))" , 

Her K<ZH 
\r/H\=m \H/K\=n 

where Tk is a covering torus corresponding to an index mn sublattice K ^T. By 
the ordinary Hecke identity (|4.13p , any index mn sublattice _ftr of F arising in the 
above disjoint union is of the form d ■ L for some integer d dividing (m, n), and for 
some lattice L of index {mn)/d^ in F, and furthermore, there are exactly d such 
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sublattices in the above disjoint union. Hence the right hand side of the above 
expression can be rewritten as 

d 

{T{m)iT{n)T)) (T) ^ [J II ^(r,.L)/(r/(d • L)). 



Lcr 

\r/L\ = {mn)/d^ 



On the other hand, 
'mn\ 



T 



(M(d).F))(r) = [[](K(d).F)(Ti)/(r/L) 



|r/L| = (mn)/d^ 



]\[HTd.L)/{L/{d-L))]/{T/L) 



Lcr 

\r/L\ = {mn)/d'^ 



^l[nTd.L)/{r/{d-L)). 

Lcr 

\r/L\ = {mn)/d'^ 

Thus combining the above calculations, we have our formula (4-12) 



□ 



Theorem B is a special case of Theorem 4.4 when = MapQj.t,(S, M/G). 

By a general procedure. Theorem 4.4 implies the following "formal" Euler prod- 
uct of operators: 

(4.14) ^ ^ ^ 



E 



n 



n>l p: prime 

on functors T. However, the implications of this Euler product formula in our 
present context is not clear. 



[9: 

[lo; 
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